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Photonic quantum technology increasingly uses frequency encoding to enable higher quantum
information density and noise resilience. Pulsed time-frequency modes (TFM) represent a unique
class of spectrally encoded quantum states of light that enable a complete framework for quantum
information processing. Here, we demonstrate a technique for direct generation of entangled TFM-
encoded states in single-pass, tailored downconversion processes. We achieve unprecedented quality
in state generation—high rates, heralding efficiency and state fidelity—as characterised via highly
resolved time-of-flight fibre spectroscopy and two-photon interference. We employ this technique in
a four-photon entanglement swapping scheme as a primitive for TFM-encoded quantum protocols.
Generating entanglement in intrinsically high-
dimensional degrees of freedom of light, such as
transverse and longitudinal spatial modes [1, 2], or
time and frequency, constitutes a powerful resource
for photonic quantum technologies—photons that
carry more information enable more efficient proto-
cols [3, 4]. Time-frequency encoding is intrinsically
suitable for waveguide integration and fibre transmis-
sion [5, 6], making it a promising choice for practical,
high-dimensional quantum applications. Quantum
information can be encoded either in discrete temporal
or spectral modes (namely time- and frequency-bin
encoding [6–9]) or in the spectral envelope of the single-
photon wavepackets—time-frequency mode (TFM)
encoding [5, 10]. TFM-encoded states arise naturally
in parametric downconversion (PDC) sources, as TFMs
are eigenstates of the PDC process and they span
an infinite-dimensional Hilbert space. Conveniently,
TFMs possess highly desirable properties: being centred
around a target wavelength makes them compatible
with fibre networks, they are robust against noise [11]
and chromatic dispersion [12], their pulsed nature
enables synchronisation and therefore multi-photon
protocols and they offer intrinsically high dimension-
ality [10]. Manipulation and detection of TFMs is
enabled by the quantum-pulse toolbox, where sum- and
difference-frequency generation are used for reshaping
and projecting the quantum states [5, 10]. However,
generating entangled TFMs in a controlled way can
be very challenging [13–17], limiting their usefulness
in realistic scenarios. Here, we overcome this problem
exploiting domain-engineered nonlinear crystals [18, 19]
for generating TFM entanglement from standard ultra-
fast laser pulses in a single-pass PDC experiment. We
experimentally validate this technique by benchmarking
a maximally antisymmetric state at telecom wavelength
† These two authors contributed equally.
with near unity fidelity, and implement a four-photon
entanglement swapping scheme. Our work complements
the pulse-gate toolbox [5, 10] for TFM quantum infor-
mation processing, and establishes a standard for the
generation of TFM quantum states of light while paving
the way for more complex frequency encoding.
In a PDC process, a pump photon probabilistically
downconverts into two photons under momentum and
energy conservation. The second-order nonlinearity of a
crystal mediates the process through the phase-matching
function (PMF) which, together with the pump spec-
tral profile, dictates the spectral properties of the out-
put biphoton state in the form of its joint spectral am-
plitude (JSA). The spectral entanglement between the
PDC photons is quantified by the Schmidt number via
Schmidt decomposition of the JSA [20]: a separable, un-
entangled JSA has a Schmidt number of 1; higher values
indicate the presence of entanglement. Conveniently, this
decomposition also provides the spectral modal struc-
ture of the PDC biphoton state. TFMs can therefore
be engineered by shaping the JSA, either by modifying
the pump-pulse amplitude function [10] or, as we demon-
strate here, by shaping the PMF via nonlinearity engi-
neering. Domain-engineered crystals have been employed
successfully for the generation of spectrally-pure heralded
photons [18, 19], where undesired frequency correlations
are eliminated by tailoring a Gaussian nonlinearity pro-
file. Here we extend this technique to the direct, con-
trolled generation of custom TFM entanglement.
We use the Hermite-Gauss modes [10] basis to encode
the TFM quantum state, with the goal of generating the
maximally-entangled antisymmetric Bell-state:
|ψ−〉s,i =
1√
2
(| 〉s | 〉i − | 〉s | 〉i) , (1)
where “s” (“i”) labels the signal (idler) photon. The state
(1) corresponds to the joint spectrum encoded in the
TFM basis states = u(ω) and = v(ω) in Fig. 1(a)
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FIG. 1. Crystal engineering. (a), Maximally entangled JSA
(left) and corresponding TFM basis states, u(ω), v(ω) (right).
The pink dot-dashed lines and the yellow dashed lines repre-
sent the 1/e contours of the pump function and PMF, respec-
tively. (b), Target phase-matching function along the crystal
at different momentum mismatch (∆K) values: the tracking
algorithm chooses the domain orientation to track the PMF
at the quasi-phase-matching condition ∆K = ∆K0, as shown
by the red trace. (c), Target crystal domain structure.
(see Supplemental Material for details on the bipho-
ton spectral structure). We use our recently-developed
nonlinearity-engineering algorithm [18] to shape the
PMF (φ(x,∆k)) as a first-order Hermite-Gauss function.
We design a 30 mm potassium titanyl phosphate (KTP)
crystal for symmetric group-velocity matching with a
1.3 ps laser pulse [20]. The fundamental domain width
is ∼ 23.1 µm, equal to the coherence length of a 775 nm
pump downconverted into two 1550 nm photons. Our al-
gorithm chooses the ferroelectric orientation of individual
domains to track a target PMF along the field propaga-
tion in the crystal (see Supplemental Material for details
on the algorithm). Fig. 1(b,c) show the resulting PMF
(φ(∆k) at x = 30 mm) and the required crystal domain
configuration.
The designed crystal was manufactured commercially
by Raicol Ltd. We set up a collinear PDC source [19],
where a 80 MHz, pulsed Ti:Sapphire laser is focused into
the tailored KTP crystal to create orthogonally-polarised
photon pairs via type-II PDC. The photons are loosely
filtered with a bandpass filter (∼ 3 times broader than
the PDC photons’ bandwidth). A polarising beamsplit-
ter separates the PDC photons before they are coupled
into single-mode fibres. We measured a source brightness
of∼ 4 KHz/mW photon pairs with a symmetric heralding
efficiency > 60%, a reasonable trade-off achieved optimis-
ing the pump, signal and idler focusing conditions [19].
A full characterisation of the biphoton quantum state
could be obtained via quantum state tomography in the
TFM basis, which requires projective measurements onto
three mutually unbiased bases using cascades of tailored
nonlinear processes [22–24], or by reconstructing the JSA
including its phase, which assumes a pure biphoton state
and involves complex interferometric techniques [25–27].
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FIG. 2. Experimental setup. (a), Biphoton state characterisa-
tion: Joint-spectrum reconstruction via dispersive fibre (DF)
time-of-flight spectroscopy (modes I) and two-photon inter-
ference in a fibre beam-splitter (FBS) (modes II). (b), Entan-
glement swapping setup: Successful entanglement swapping
is heralded by a coincidence detection of the photons after
the FBS. The swapped state is again verified via fibre spec-
troscopy (modes I) and two-photon interference (modes II).
We note that a setup similar to (modes I) has been used
to investigate the spectral properties of two-photon interfer-
ence [21]. The panel on the right shows the four possible
Bell-state projections at the BS, and the corresponding inter-
ference pattern.
We instead characterise the PDC state using an indi-
rect approach that exploits joint spectral intensity (JSI)
reconstruction via dispersive fibre spectroscopy [28] and
two-photon interference [19] to infer information on the
populations and the entanglement of the quantum state,
respectively.
The setup for the JSI reconstruction is shown in
Fig. 2(a) (modes I). Each photon is sent through a
∼ 20 km single-mode fibre to convert spectral to tem-
poral information exploiting the fibre dispersion of ∼
18 ps/km/nm at 1550 nm. The photons are then de-
tected with superconductive nanowire single photon de-
tectors (SNSPD), with ∼ 80% detection efficiency and
< 50 ps timing jitter. Arrival times are recorded as time
tags by a Picoquant HydraHarp in 1 ps bins for offline
processing. We collected ∼ 2.8 × 106 two-photon coin-
cidence counts with respect to a third reference SNSPD
in 24 hours. We reconstruct the JSI over a 36 nm spec-
tral range, ∼ 12 times larger than the PDC photons’
bandwidth, to ensure reliable estimation of the JSI prop-
erties [20]. The results are shown in Fig. 3(a). The over-
lay contours show the theoretical pump spectrum and
the expected PMF (assuming the ideal crystal domain
structure and a sech2 pump function). There is excellent
correspondence between the theoretical target and the
measured JSI, which faithfully reproduces not only the
two main peaks but also the spectral bandwidth.
The two-photon interference setup is shown in
Fig. 2(a), modes II: the interference pattern is measured
by delaying one photon with respect to the other before
they interfere in a fibre BS. While two-photon interfer-
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FIG. 3. Single source characterisation. (a), Measured JSI (right) and zoom on a reduced, 8 nm spectral range (left) to show
its main features. The dot-dashed pink lines and yellow dashed lines represent the 1/e contours of the sech2 pump function,
and the PMF calculated from the crystal domain structure, respectively. (b), Reconstructed effective JSA. (c), Signal-idler
interference pattern. (d), Signal-idler interference varying crystal temperature. The interference visibility has a maximum at
25 degrees, while no antibunching occurs above 39 degrees. Error bars assuming Poissonian counting statistics are smaller than
the symbol size.
ence is typically destructive and, for PDC photons, ex-
hibits a characteristic triangular or Gaussian “dip” [19],
antibunching at the BS can occur whenever the bipho-
ton state is at least partially antisymmetric under par-
ticle exchange: more antisymmetry results in more an-
tibunching [29] (see Supplemental Material for proof).
Remarkably, for a biphoton state that is separable in all
other DOFs, antibunching corresponds to entanglement
in the biphoton spectrum [30]. We use this result to ver-
ify TMF entanglement in our generated state. We show
the experimental data in Fig. 3(c): the fitted interference
visibility is equal to 99.4± 0.4%, certifying a high degree
of spectral entanglement and purity of the PDC bipho-
ton state (the fitting function is given in Supplemental
Material).
While the JSI reconstruction doesn’t contain any phase
information, we can exploit our knowledge of the pu-
rity and the now verified antisymmetry of the biphoton
wavefunction to infer an effective JSA of the PDC state.
Specifically, to guarantee the overall antisymmetry of the
quantum state, we impose a eipi sign shift between the
two peaks of the square root of the measured JSI. We
obtain the JSA depicted in Fig. 3(b), that qualitatively
matches the theoretical JSA shown in Fig. 1(a). We
can now quantify the entanglement and spectral struc-
ture of our biphoton state via Schmidt decomposition.
Since the biphoton |ψ−〉 state in (1) is composed of two,
equally weighted TFM basis states, the corresponding
Schmidt number is equal to 2. We extract an experi-
mental Schmidt number equal to 2.026± 0.001 from the
reconstructed JSA, in excellent agreement with the the-
oretically expected value (details on the JSI reconstruc-
tion and error estimation are discussed in Supplemental
Material).
Small variations in the crystal domain widths can be
introduced by changing the crystals temperature. This
results in a shift of the PMF in the (ωs, ωi) plane, pro-
ducing frequency non-degenerate photons and therefore
compromising the antisymmetry of the biphoton wave-
function. Surprisingly, this doesn’t affect the Schmidt
number of the quantum state: the biphoton state (1)
remains intact, but the signal and idler TFMs will
be centred around different frequencies. This enables
the capability of switching between an antisymmetric
state to a non-antisymmetric one without spoiling the
spectral modal structure. We observe the biphoton
antisymmetry-breaking by performing interference scans
at different temperatures, from 20 to 60 degrees at 1 de-
gree intervals. We show the results in Fig. 3(d): anti-
bunching (and therefore antisymmetry) is maximal for
perfectly degenerate PDC and it reduces as we tune away
from degeneracy, until no anti-bunching occurs above a
certain centre-frequency offset, as expected from theory.
Multiphoton protocols using TFMs will require the
ability to interfere and swap independently generated
TFM-encoded photons. While a generalised entangle-
ment swapping for TFM has been proposed, it relies
on a nonlinear process between two single photons and
therefore has very low success probability [31]. Here we
instead implement the standard entanglement swapping
scheme with the setup shown in Fig. 2(b). Two entan-
gled |ψ−〉 states are produced via two independent en-
gineered TFM-entangled pair sources. The overall four-
photon state can be written as 1/2(|φ+〉 |φ+〉+|φ−〉 |φ−〉+
|ψ+〉 |ψ+〉 − |ψ−〉 |ψ−〉) , a coherent sum of the four Bell
states:
|ψ±〉
|φ±〉 =
1√
2
| 〉 | 〉 ± | 〉 | 〉
| 〉 | 〉 ± | 〉 | 〉 (2)
The joint spectra for all four Bell states and the corre-
sponding interference patterns are shown in the inset of
Fig. 2(b): perfect antibunching at the BS occurs only
for the singlet state, while the triplet states bunch due
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FIG. 4. Entanglement swapping results. (a), JSI reconstruc-
tion of the fully-mixed state. The two peaks on the antidi-
agonal have higher count rates because the contribution from
the |ψ−〉 state is counted twice in the 3-fold coincidences.
(b), JSI reconstruction of the entanglement-swapped state.
We display a 8 nm spectral range to highlight the main JSI
features. (c), Two-photon interference without signal error
correction. The blue data points are the 4-fold coincidence
counts detected by the SNSPDs when both the sources are
active, while red triangles and green squares are the error sig-
nals measured by alternately blocking one of the two sources.
(d), Two-photon interference with higher-order emissions cor-
rected.
to the symmetry of their wavefunctions. We use this
to discern a successful projection on |ψ−〉 from all the
other outcomes: a two-photon coincidence detection at
the two BS outputs corresponds to a projection on the
singlet state and heralds swapping of the TFM |ψ−〉 state
from the two original photon pairs to the two remaining
non-interacting photons.
We benchmark the state obtained after entanglement
swapping via fibre spectroscopy and two-photon interfer-
ence, as shown in Fig. 2(b), modes I and II, respectively.
The JSI of the swapped |ψ−〉 state is again measured by
sending the two photons through a pair of 20 km fibres.
We collect 670k 3-fold and ∼ 46k 4-fold coincident counts
in 72 hours of integration time. In Fig. 4(a) we show the
measured joint spectrum of the two-photon state without
post-selection, heralded by either one or two detection
events after the BS. We observe 4 peaks, arising from
a mixture of the four equally weighted Bell state JSAs
(see Fig. 2(b)). When we instead record 4-fold coinci-
dent counts, we measure the spectrum of the swapped
|ψ−〉 biphoton state, recovering the two main peaks on
the JSI’s diagonal (Fig. 4(b)).
We then measure the interference of the swapped state.
Because the probability of generating photon pairs inde-
pendently equals that of a double-pair emission in each
source, the maximal theoretical interference visibility is
25%—not a fundamental limitation, it only occurs when
both photons of two PDC pairs are interfered, which is
not required for e.g. repeater protocols. We obtain an in-
terference visibility of 24.5± 0.5%, as shown in Fig. 4(c).
We subtract the multi-photon background by recording
the counts when either of the two photon sources are
blocked. The corrected interference pattern in Fig. 4(d)
yields an interference visibility of 97.1± 1.7%, certifying
success of the TFM entanglement swapping protocol.
We can now reconstruct the JSA of the swapped state
as described earlier, calculating a Schmidt number of
2.15 ± 0.01—slightly higher than for the single-source
scenario, as expected due to inevitable discrepancies be-
tween independent sources that affect the interference
quality.
We have demonstrated the first instance of TFM en-
tanglement generation enabled by nonlinearity engineer-
ing, achieving high generation rates, heralding efficiency
and spectral entanglement. Due to its simplicity and
quality, we expect this technique to be used in a host of
different quantum information tasks. The flexibility in
tailoring the PMF lends itself to the generation of high-
dimensional TFM entanglement: not only can one use
higher-order Hermite-Gaussian PMFs to up-scale to qu-
dits [10], but one can also aim at different PMF shapes
for targeting specific applications, such as frequency mul-
tiplexing [32]. The same nonlinearity engineering tech-
nique can be used in asymmetric group-velocity match-
ing condition [20] to generate pure, TFM-encoded sin-
gle photons, as well as to implement mode filtering and
TFM-projective measurements in a quantum pulse gate
scheme, complementing the TFM framework based on
pump spectral-shaping [5, 10]. Finally, the ability to cus-
tomise biphoton spectra could be useful for multi-photon
quantum metrology applications in which measurement
precision depends on the shape and steepness of the in-
terference pattern [33].
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This document provides Supplemental Material to “Direct generation of tailored pulse-mode en-
tanglement”. The document is structured as follows: In Section 1 we introduce the theoretical JSA
and its components; In Section 2 we discuss the details of the nonlinearity engineering technique;
In Section 3 we calculate the exact correspondence between the symmetry of the JSA and the
interference visibility; In Section 4 we give some details on the JSI reconstruction.
1. THEORETICAL JSA AND SPECTRAL MODES
The JSA in Fig. 1(a) of the main text is obtained by combining a Gaussian pump with an antisymmetric PMF
shaped as the first order Hermite-Gaussian function multiplied by a Gaussian envelope:
α (ωs, ωi) = e
− (ωs+ωi)
2
2σ2
φ (ωs, ωi) = e
− (ωs−ωi)
2
2σ2 (ωs − ωi) .
(S1)
The corresponding PDC first-order emission biphoton state reads:
|ψ− (ωs, ωi)〉s,i =
∫∫
dωsdωiα (ωs, ωi)φ (ωs, ωi) a
†
s(ωs)a
†
i (ωi) |0〉s,i
=
∫∫
dωsdωi exp
[
−ω
2
s + ω
2
i
σ2
]
(ωs − ωi)
a†s(ωs)a
†
i (ωi) |0〉s,i ,
(S2)
where we are omitting the wavefunction normalisation. (S2) can be decomposed into the convex sum of a set of
orthonormal one-variable function by performing the Schmidt decomposition:
|u(ωj)〉j ≡ | 〉j =
∫
dωj exp
[
−ω
2
j
σ2
]
a†j(ωi) |0〉j
|v(ωj)〉j ≡ | 〉j =
∫
dωj exp
[
−ω
2
j
σ2
]
ωja
†
j(ωi) |0〉j ,
(S3)
with j = s, i. The shape of the two spectral modes is shown in Fig. 1(a). Following from (S3), the biphoton state can
be therefore written as follows:
|ψ− (ωs, ωi)〉s,i =
1√
2
(|u(ωs)〉s |v(ωi)〉i − |v(ωs)〉s |u(ωi)〉i)
=
1√
2
(| 〉s | 〉i − | 〉s | 〉i) .
(S4)
The state in (S4) is a maximally entangled singlet state in the spectral-temporal mode basis.
The expected two-photon interference pattern corresponding to this state can be calculated as described in [1], and
has the form:
pcc(∆t) =
1
2
− 1
4
e−
1
4σ
2∆t2(σ2∆t2 − 2) , (S5)
where pcc is the coincidence-count probability after interference, σ depends on the biphoton bandwidth and ∆t is the
relative arrival time of the two photons at the BS. We use (S5) (with an additional visibility scaling factor) to fit the
two-photon interference data.
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22. ENGINEERING ALGORITHM
We use the domain engineering technique introduced in [2] to shape the PMF of the crystal to an almost-arbitrary
function. For generating the two-photon entangled state described in (S4), we need a PMF (Φ) of the form:
Φ(∆k) = exp
[
−σ
2
2
(∆k −∆k0)2
]
(∆k −∆k0) , (S6)
where σ is the parameter determining the PMF’s width, ∆k is the momentum mismatch, ∆k0 = pi/` is the quasi-
phase-matching momentum, being ` the coherence length of the process (2` corresponds to the poling period of a
standard periodically poled crystal). An inverse Fourier transform of (S6) gives the target nonlinearity profile along
the crystal:
gtarget(x) = FT −1 [Φ(∆k)] =
i exp
[
− (x−
L
2 )
2
2σ2
]
exp [i∆k0x]
(
x− L
2
)
,
(S7)
with L the crystal length, and where we have omitted the multiplicative constant. By integrating gtarget(x) along the
longitudinal direction of the crystal, we obtain the target phase-matching function that our algorithm needs to track:
Φtarget (x,∆k = ∆k0) = −i
∫ x
0
gtarget(x
′)ei∆kx
′
dx′
∣∣∣∣
∆k0
=
−i 2
√
e
piσ
exp
[
−L
2 + 4x2
8σ2
](
exp
[
x2
2σ2
]
− exp
[
L x
2σ2
])
σ2 ,
(S8)
where the prefactor is chosen for matching the maximum function’s slope allowed by the field tracking algorithm in
order to maximise the photon pairs production [2]. The parameters chosen for this experiment are L = 30mm and
σ = L/5. Fig. 1(b) in the main text shows the tracking function described in (S8) and the corresponding overall
phase-matching function along the crystal.
3. CORRESPONDENCE BETWEEN JSA ANTISYMMETRY AND INTERFERENCE ANTIBUNCHING
Any JSA can be decomposed in its symmetric and antisymmetric parts as follows:
f (ωs, ωi) = γ
f (ωs, ωi) + f(ωi, ωs)
2
+ δ
f (ωs, ωi)− f(ωi, ωs)
2
f (ωs, ωi) = γfs (ωs, ωi) + δfa (ωs, ωi) ,
(S9)
where fs (ωs, ωi) = fs(ωi, ωs) and fa (ωs, ωi) = −fa(ωi, ωs). Imposing a normalisation condition for fs and fa:∫∫
dωsdωi|fs (ωs, ωi)|2 =
∫∫
dωsdωi|fa (ωs, ωi)|2 = 1 , (S10)
implies that γ and δ need to satisfy the following condition |γ|2 + |δ|2 = 1. The probability of having coincident counts
after the BS (i.e. antibunching) reads:
pcc(∆t) =
1
2
− 1
2
∫∫
dωsdωif
∗ (ωs, ωi) f(ωi, ωs)ei(ωi−ωs)∆t . (S11)
3We now replace the JSA with its decomposition in symmetric and antisymmetric parts, and consider the photons
arriving at the same time at the BS (∆t = 0):
pcc(0) =
1
2
− 1
2
∫∫
dωsdωi
(|γ|2|fs (ωs, ωi)|2 − γ∗δf∗s (ωs, ωi) fa (ωs, ωi)
+ γδ∗f∗a (ωs, ωi) fs (ωs, ωi)− |δ|2 |fa (ωs, ωi)|2
)
.
(S12)
The integral of the mixed terms is equal to zero because the overall product of fs and fa is antisymmetric, and
considering the normalisation conditions in (S10) the coincidence probability reads:
pcc(0) =
1
2
− 1
2
(|γ|2 − |δ|2) = 1− |γ|2 = |δ|2 . (S13)
4. JSI RECONSTRUCTION AND ERROR ESTIMATION
The measured JSIs are 12250 × 12250 matrices, where each bin has a size of 1 × 1 ps, corresponding to the
timing logic’s resolution. We calibrate our dispersive-fibre spectrometer with a reference signal with respect to a
commercial single-photon CCD spectrometer, obtaining a scaling factor of ∼ 2.94 pm/ps (centred around 1550 nm).
This corresponds to a total measurement spectral range of ∼ 36 nm. We down-sample the JSIs to 40× 40 ps bins for
reducing the sparsity of the data and computing the singular value decomposition (as numerical implementation of
the Schmidt decomposition). The error on the extracted Schmidt numbers represents 3σ statistical confidence regions
obtained via Monte-Carlo re-sampling (10k runs of the algorithm) assuming a Poissonian statistics on the coincident
counts distribution.
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